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Summary. Generalized oscillator strengths for a number of singlet transitions of
the H,O molecule, evaluated according to the Random Phase Approximation
approach, are presented and discussed so as to offer a partial characterization of
the Bethe surface of the molecule.
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Introduction

Differential cross sections for inelastic scattering of fast charged particles off atomic
and molecular targets are conveniently expressed in terms of the so-called general-
ized oscillator strengths (GOS) [1-3], first introduced by Bethe [1] over 60 years
ago. The role in collision theory of these spectral properties of the target has been
particularly advocated by Inokuti [2, 3], who stressed the importance of disposing
of the Bethe surface, essentially a plot of the density of the generalized oscillator
strengths per unit range of transferred energy versus both transferred energy and
impulse. Theory demonstrates in fact that this quantity embodies all information
about the inelastic scattering of charged particles by an atom or molecule within
the 1st Born approximation.

With reference to the case of an electron-molecule collision, let k;(k,) denote
the impulse of the impinging (emerging) electron, so that ¢ = k; — k; is the impulse
transferred to the molecule during the collision. The target GOS’ considered in the
present work are defined as follows (atomic units),
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E,o is a vertical transition energy from the ground |i,> to the excited electronic
state [, and g,0(g) = <¢,,|Zj."= L €970 > the inelastic-scattering form factor [2],
a transition property of the target explicitly dependent on the transferred impulse g.
Since (Yly Y- €77 [Wo) = [dre " p,o(r), where p,o(r) is the diagonal element of
the spinless one-body transition density matrix associated with the transition
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[¥oy = |,y [4], the form factor can be regarded (and possibly evaluated) as the
Fourier transform of a proper transition density matrix.

It should be observed that the GOS’ defined according to Eq. (1) involve
integrations only with respect to electron space and spin coordinates. We are
therefore assuming tacitly that a Born—Oppenheimer separation between elec-
tronic and nuclear degrees of freedom is a sensible approximation. According to
the resulting picture, therefore, both the transition energy E,, and form factor
gq0{(q) are vertical quantities specifically evaluated at the equilibrium geometry of
the electronic ground state |4 ). The assumption of separability between electronic
and nuclear motions is ordinarily legitimate for the electronic ground state, but can
become questionable for excited states, especially in the cases where near crossings
of different molecular terms are involved [2]. Consequences arising from the
weakness of the assumption have been reported [5], so one should accept with
some caution the general validity of the underlymg model.

For the purpose of the present paper it is also convenient to define rotationally
averaged GOS values,

<Fn0(q)>rot.av. = (41'5)_1 jdé FnO(q) (2)

with ¢ = |q| and @ = (9,¢) Euler angles specifying the molecular orientation
relative to the vector ¢ assumed along the space-fixed z axis, Inelastic differential
cross sections can be (approximately) evaluated under many physically interesting
situations starting from rotationally averaged GOS’ [6-9]. For a discussion of this
subject one is referred to Appendix 1.

From the computational point of view, truly reliable predictions of spectral
properties like GOS’ require accurate wavefunctions, with many-electron correla-
tion effects taken into account in a balanced way in the couple of quantum states
involved in the transition. Even though very noticeable progress toward a solu-
tion of the electron correlation problem can nowadays be recognized [10,11], we
are still faced by a very challenging problem, especially exacting in the case of
molecular systems. As far as the computational status of transition properties is
concerned, the number of really reliable estimates is extremely limited for
polyatomic molecules. If we further restrict our attention to the particular case
of GOS’, to the best of our knowledge only for the first-row hydrides H,O and
NH; have accurate values recently been evaluated by ab initio CI procedures
[12,13].

By the present paper we propose to start a fairly systematic application of the
Random Phase Approximation (RPA) approach [14-18] to the (approximate)
prediction of spectral properties of polyatomics, particularly GOS’, thus contribu-
ting to fill partially a gap of knowledge that is decidedly broad for such class of
molecular systems. Starting from popular quantum-chemistry computer programs,
RPA offers, as known, a relatively inexpensive and rather practical way for
providing estimates, frequently of an acceptable accuracy, for several properties
related to excitation processes in which the total spin is conserved [17] (agreement
with experiments within 15-20% could be accepted with some confidence). The
procedure involves singly and doubly excited electronic configurations, but at the
cost of considerably less computational effort than an equivalent CI study would
require [19]. At the same time, we offer some comparative results arising from
approximations to the RPA approach, in the intent of favouring interpretative
speculations.
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Without becoming involved in a formal presentation of the RPA approach, that
is assumed to be by now widely known, in the next section we present and
comment calculated RPA estimates for the GOS’ of a number of vertical low-lying
electronic transitions in H,O. Some remarks concerning RPA and its connection
to other available approximations are, however, considered relevant to the follow-
ing discussion. A sketchy review of some salient points is presented in Appendix 2.

Results

There has been a great deal of interest in the past years in studies of the electronic
structure of H,O either from the experimental or the theoretical point of view. In
particular, extensive investigations of the molecular photoabsorption, photoion-
ization, photodissociation, photoelectron and electron-impact spectra [20-42]
have led to a consistent picture of the markedly Rydberg nature of sequences of
excited electronic energy levels of such a molecule, in accordance with a view
originally suggested by Mulliken [43].

Setting up a conventional RPA procedure able to describe a number of
(vertical) electronic transitions pertaining to the various symmetries A,, By, B,,
A, of the H,O molecule requires that an extended basis set of aq, by, b,, a, HF
single particle orbitals be first generated, solutions to the Fock Hamiltonian
F=h+ YV, (2J, — K,), the same for all occupied and unoccupied orbitals of the
molecule. As known [23], the unoccupied canonical MO’s thus generated do not
form an ideally suited set of excited state orbitals for the neutral molecule 2N
electrons), but approximate instead those of the negative ion containing 2N + 1
electrons (see also Appendix 2). They provide, however, an expansion set, in
principle complete, a fact that motivates their frequent utilization, for example in
the evaluation of electric and magnetic molecular properties by perturbation
theory. The required solution of the HF problem has been pursued by us in terms
of a many-centre STO basis set expansion. After some laborious experimentation
and critical analysis of partial results from a total of 12 extended trial basis sets, we
have been led to utilize the following three-center STO basis:

Oxygen nucleus: (DPA) + 35(1.25167) + 35(0.70733) + 35{0.424)
+ 45(0.5305) + 45(0.318) + 3p*(0.95433) + 3p3(0.57267)
+ 4p3(0.4295) + 3d°(0.70733) + 3d>(0.424)

Hydrogen nuclei: (DPA) + 2p3(0.6625)

(DPA) is an abridged notation for indicating the STO-basis set employed by.
Dunning et al. [44] in their near-HF calculations on the electronic ground state of
the H,O molecule. The figures within parentheses represent the exponents of the
various Slater orbitals, while the notation (np)® indicates that all three partners
(npx, npy, np,) have been included, with an obvious analogous meaning for (nd)°.
The extension of the (DPA) basis so as to include STO’s suited for representing
low-lying unoccupied orbitals has been carried out according to a procedure
suggested in Ref. [45], which specifically involves a scaling of the orbital exponents
of STO’s playing a major role in the description of the HF ground state electronic
density. An evident imbalance of the basis employed with respect to the oxygen
center reflects the intention of generating at least the first terms of the Rydberg
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Table 1. Some (near) HF property values evaluated for the electronic
ground state of H,O at its experimental geometry: Roy = 1.810 a.u,,

{H-O-H = 105°
Orbital energy (eV) Vertical IP (eV)
(exptl)*
—&1p, = 13.9221 12.61
— &3, = 159734 14.73
E = —76.0643 a.u. — €1p, = 19.6373 18.55
u = 1988 Debye — 824, = 36.8799 3220
— &1, = 559.8117 539.7

* Quoted in Ref. [37]

sequences of levels well documented experimentally for H,O. In Table 1 we report
a few (near) HF properties relative to the electronic ground state of the molecule at
its experimental geometry. Among these data, the quantities ¢; represent the orbital
energies associated with the five doubly-occupied molecular orbitals, which ac-
cording to Koopman’s theorem should be identified with the successive (vertical)
ionization potentials (IP) of the molecule.

The basis set employed originates a totality of 59 unoccupied MO’s. A sum-
mary of the symmetries and dimensionalities of the vertical electronic excitations
obtained from the present RPA calculations is given in Table 2. From the inspec-
tion of the table it is seen that the procedure leads to an overall number of 65
excitations from the X '4, ground state to final states of B, symmetry, the
analogous numbers for final states belonging to the symmetries B,, 4,, 4, being
80, 108 and 42, respectively. The evaluated spectra are found to provide a total of
20 fully bound states with excitation energy < IP(1b,) = 13.92 ¢V, so partitioned
among the various symmetries: 9 ('B;), 5(*4,), 2(!B,), 4(*4,). The remaining 275
vertical excitations fall in spectral regions above the 1st ionization threshold of the
molecule. Out of these, 94 correspond to autoionizing final states having excitation
energies < IP(2a;) = 36.88 eV. Even though the L2-integrable basis functions
employed in this paper can lead only to discrete oscillator strengths and transition
frequencies, it is known that reliable photoionization profiles can be derived from
the computed spectral quantities, for instance by recourse to the Stieltjes—
Tchebycheff technique {37, 46].

A number of resonance energies E,, and related (rotationally averaged) dipole
oscillator strengths f,, for optically allowed transitions, all starting from the
electronic ground state X 4,, are listed in Table 3 in order of increasing excitation
within each of the involved symmetries Ay, By, B,. The superscripts (L, V') labeling
the oscillator strengths hint at a transition property evaluated according to the
“Length” and “Velocity” formulation, respectively [17]. Exact RPA calculations
would led to oscillator strength values independent of the formulation adopted
(gauge invariance) [47]. It should also be observed that f&) is just the result
stemming from Eq. (1) as the transferred impulse ¢ — 0. The data in the table
deserve some comments. Excitation energies resulting from our calculations are
consistently overestimated in the range 1-1.5 €V compared to the reference values
reported. Despite a rather extensive experimentation on the atomic basis and the
fact that for each state our calculations have taken into account all particle—
hole excitations of the appropriate symmetry, so as to include to a full extent
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Table 2. Synoptic table of the numbers and symmetries of excitations between MO’s
generated by the basis set used in this paper

Orbital X4, -'B, X4, - 'B, X'4,-'4, X'4,-'4,
1b; — a(27) a,(5) by (11) b,(16)

3a; — b,(11) b,(16) a,(27) a,(5)

16, — a,(5) a,(27) b,(16) by(11)

2a, - b, (11) b,(16) a;(27) a3(5)

la; -» by(11) b,(16) a;(27) a3(5)

inter-channel effects (multichannel RPA, according to a fairly current terminology),
we have been unable to go below the values presented, so that we are rather certain
that the discrepancy is essentially inherent in the approximation employed. These
findings are in accordance with the general experience gained at a computational
level with the RPA approach [16-18, 31,48]. The inclusion of only the 1p-1h
excitations out of the HF ground state, which characterizes such an approxima-
tion, is by now known to be usually insufficient to assure truly quantitative
accuracy, the important role played, for example, by 2p—2h components out of
a correlated ground state {31, 48, 497 having been totally neglected. The excitation
energies shown in the fifth column have been obtained by Yeager et al. [31] in
a study designed to clarify some assignments in the electronic spectrum of H,O
through higher quality RPA calculations which include correlation effects to
a larger extent than the normal RPA approach does. The scarcity of reliable data
for the dipole oscillator strengths allows only a few comments. According to its
definition, f,, for a given transition is affected by the error in the excitation energy,
with additional effects arising from the approximate evaluation of the transition
dipole moment matrix element. On the other hand, RPA is a procedure ideally
suited for evaluating directly transition properties [14—18]. The fact that the exact
RPA predictions for the dipole oscillator strengths satisfy a number of sum rules, in
particular the Thomas-Kuhn-Reiche (TKR) one [14,17,47] is an element of
consistency in favour of the possible global quality of the RPA oscillator strengths.
The overall quality of the RPA observables resulting from our calculations can be
judged on the basis of the remarkable invariance of the results with respect to the
gauge adopted and the fact that we find ¥, /(' = ¥, f(¥) = 10 + ¢ with ¢ small,
in very good accordance with the TKR sum rule (see the seventh column of
Table 3, where the contributions to the sum rule from the various symmetries
involved are separately listed). All calculations suggest also that the transi-
tion 4 B, « X 4, should correspond to a strongly absorbing band. For some
elucidation of the nature of the transition on issue, one is referred to the content of
Table 6.

As already remarked, calculations of generalized oscillator strengths are parti-
cularly infrequent in the case of polyatomic molecules, even at not very high levels
of computational sophistication of the one-body transition density matrix p,q(r, ')
associated with the excitation process. To the best of our knowledge, for example,
we are unaware of GOS calculations at the RPA level for a simple polyatomic
molecule like H,O, all that is available in literature consisting of a couple of papers
[12,22] 20 years apart. Although the first of these papers is still a valuable research
contribution despite its being 24 years old, we point at the second paper appeared
in 1989 as a true benchmark.
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Table 4. (Rotationally averaged) GOS (a.u.) for the transition
1B, « X '4, of H,0 as a function of the square transferred im-
pulse g(a.u.)

q* RPA Extended CI® Exptl.?
(present work)

0.030 0.0422 0.0515 0.0527
0.045 0.0402 0.0485 0.0472
0.102 0.0333 0.0390 0.0415
0.144 0.0290 0.0333 0.0315
0.204 0.0237 0.0267 0.0270
0.402 0.0120 0.0134 0.0135
0.900 0.00164 0.00223 0.00219
1.871 0.000512 0.00004 0.00116
3.190 0.00154 0.000699 0.00209
4.402 0.00161 0.00068 0.00216
*Ref, [12]

b Refs. [32], [33]

In Table 4 our RPA GOS values for the 1'B; « X !4, transition in H,O as
a function of the square transferred impulse g> are compared with data from both
the accurate CI calculation reported in Ref. [12] and experiments. A fairly en-
couraging agreement over the whole g* range is immediately seen, a result that
supports further the excellent agreement found for the dipole oscillator strength
(Table 3). One observes that our RPA estimates for the case in question decrease, at
high ¢? values, more slowly than the CI predictions do, the experiments being for
q* > 1.8 a.u. in seemingly better agreement with the less accurate estimates. Such
behaviour, however, should not be emphasized more than so much, considering
among other things that inelastic electron collisions in the large ¢ momentum
transfer range are insufficiently described by simple recourse to 1st Born approxi-
mation, particularly because of the prominence of effects associated with the
coupling to the elastic scattering channel arising from the 2nd Born term [50-54].
In addition to this important remark, the GOS’ behaviour referred to above could
also reflect to some extent the simplified way of obtaining the rotational average
adopted in Ref. [12] for generating the quantities { F,,4(q) Dror.av. collected in Table
4. We have preferred to resort to an accurate, even though admittedly expensive,
averaging procedure based on the integration by double quadrature of GOS’
computed at the 16 x 16 Gaussian points of a square grid of Euler angles (3, ¢;),
for any | ¢|. The insufficient quality of the basis set employed is a third element to be
considered as the transferred impulse increases more and more, as will be argued
shortly.

In Table 5 we report (rotationally averaged) RPA GOS’ at several values of the
transferred impulse g, for a number of vertical transitions to electronic states
pertaining to the molecular symmetries 4, 'By, 'B,, !4,. In all the cases the initial
electronic state is the ground state X' A4,, with the vertical transition taken at the
equilibrium geometry of the latter. The behaviour shown by the various GOS’ at
small g values is different according to whether the transition considered is
optically allowed or forbidden. Optically allowed transitions in the electric dipole
approximation are usually associated with GOS’ decreasing from their maximum
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value at g = 0, with an entirely different behaviour in the optically forbidden cases,
where GOS’ at ¢ = 0 must vanish. Exceptions to the behaviour just described of the
optically allowed transitions have been found in our calculations, mainly in the
case of higher excitations. Evidence for such occurrences is for example offered by
the 3 'B; « X 4, GOS’ behaviour.

In analogy to the dipole oscillator strengths, a complete set of exact GOS’
satisfies a series of sum rules [1,2]. Out of these, the Bethe sum rule S{g) =
Y, Fuo(q) = N generalizes to the case of g # 0 the TKR sum rule, independently of
the value of the transferred impulse g. Even (exact) RPA GOS’ verify the sum rule.
The behaviour of S(g) according to our computations is shown in Fig. 1 as
a function of g. The various curves refer to RPA calculations (full line) and three
different approximations to such approach (SCRPA, TDA, SCTDA) (see Appen-
dix 2). One sees that the Bethe sum rule is very well satisfied by our RPA spectral
data up to g = 0.5 a.u., deviations from N = 10 remaining within 10% as gq be-
comes as large as ¢ = 1 a.u. As g increases beyond such value, however, the finite
basis set employed is unable to generate all of the effectively active excitations.
Considering that our STO basis set does not include orbitals with azimuthal
quantum number [ > 2 and that higher-order multipole moment contributions to
the inelastic-scattering form factor are expected as g increases, the behaviour of S(g)
is understandable. The substantial inadequacy (and equivalence) of all the approxi-
mations considered as g becomes large is evident from the same figure, a further
confirmation of the dominance of basis set effects in such region of values of the
transferred impulse, compared to those arising from the neglect of interchannel
couplings. It is also interesting to observe in Fig. 1 that the TDA GOS’ lead to
overestimation of the Bethe sum rule constraint, particularly at relatively small
g values. .

Some further insight about the role of interchannel coupling effects on cal-
culated GOS values is gained through the inspection of Figs. 2-6, where the GOS
behaviour versus the transferred impulse ¢ is displayed for a selection of excitations
to a few low-lying final states of different symmetries. In each figure the full RPA
GOS curve is compared with others obtained by (in principle) lower-quality

Bethe sum rule

Fig. 1. Behaviour of the quantity
Y n Fuolq) (Bethe sum rule) as

a function of the transferred
impulse g. The various curves
correspond to RPA (full line),
TDA (dash-dotted line), SCRPA
(dotted line), SCTA (=1VO)
(dashed line)

q(au)
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GOS (a.u)

Fig. 2. GOS behaviour for the
transition 1'B, « X !4, as

4 afunction of the transferred
impulse g. The various curves are
drawn according to the caption of

; Fig. 1
4 6
qlau)
16 y e
Fl
Fig. 3. The same as Fig. 2, for the
. transition 114, « X '4,
4 ]
q(au)

treatments, in particular SCRPA and SCTDA, which correspond to separated-
channel approximations. As discussed more diffusely in Appendix 2, the SCTDA
curves are actually identical to those arising from the so-called improved-vir-
tual-orbital (IVO) spectrum [23]. The main feature emerging from the inspection of
the figures is the clear occurrence of multichannel effects, their prominence being
particularly remarkable in the case of the final states belonging to the 4, and 'B,
symmetries (Figs. 3-5).

To shed further light on the nature of the transitions investigated, we collect in
Table 6 some additional qualitative elements, useful to characterize such tran-
sitions. In the second column of the table we examine the first four excitations
belonging to each of the symmetries *4,,!B;, 'B,, !4, from the point of view of
their more or less marked multichannel character. As immediately seen, the greater
number of transitions reported (in particular, the totality of the !B, and !4, ones)
exhibit a weak (W) multichannel nature. Strong (S) or medium (M) interchannel
coupling effects are however present in nearly all of the excitations to final states of
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04 T T

GOS (a.u.)

Fig. 4. The same as Fig. 2, for the
transition 24, « X !4,

q(au)

GOS {a.u)

Fig. 5. The same as Fig. 2, for the
transition 1B, « X 4,

qlau)

4, and B, symmetry, the occupied molecular orbitals mostly involved being in
every case the outer ones 1b; and 3a, (our calculations hint at an important role of
the orbital 1b, only as far as the 4'B, « X !4, excitation is concerned). The
dominating occupied orbitals in each multichannel excitation (column 3) are given
in the order of importance suggested by the relative weight of the amplitudes
resulting from our RPA calculations.

In the last column of Table 6 we provide information about the presence of
undulations (minima) in the GOS behaviour as g varies. The notation n(a; b; ...)
provides the number (n) of minima exhibited by the GOS for the transition on
issue and the location of such minima, g =a, g =», ..., within the range
0 < g < 3 a.u. The possible occurrence of minima can be realized from the simple
inspection of the inelastic-scattering form factor, Eq. (1), considering in general the
nodal structure of the transition density matrix involved, along with the oscillatory
behaviour of the exponential exp(ig - r) [22, 55, 56]. The appearance of the extrema
in the GOS curves should be regarded as an interesting and important feature, for
it has been suggested that valence and Rydberg transitions could be distinguished
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Fig. 6. The same as Fig. 2, for the
transition 14, « X '4,
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even on the basis of the monotonic behaviour or less of the corresponding GOS’ as
the transferred impulse g is increased [22, 55-60]. Pure Rydberg transitions are
intuitively associated with descriptions that should be largely dominated by single
orbital effects, as IVO spectra calculations have shown [23, 61, 627]. From our data
one actually sees that the presence of minima in the GOS behaviour is not generally
related to multichannel effects, considering for example that for the totality of the
transitions to final states pertaining to the symmetries 'B;, 'B,, 4, both single-
channel and multichannel treatments lead to the same kind of behaviour and
to essentially identical minima locations. On the other hand, multichannel effects
are evident in the case of 4, final states. Figures 2-6 allow to obtain a further,
clear view of these various behaviours, besides allowing an appreciation of the
role of additional multichannel effects, for example in reducing noticeably the
1'B, « X 4, GOS value at small q. A particularly marked difference between
multichannel and single-channel predictions is evident in the case of the
214, « X4, transition (see Fig. 4), where one notes that the maximum at
g = 0.6 a.u. predicted by single-channel treatments becomes sucked back to g = 0
due to multichannel effects, with consequent disappearance of the (spurious)
minimum there located. Strong GOS reduction and appearance of slight undula-
tions with a shallow minimum at g = 1.8 a.u. are noteworthy in the case of the
44, « X '4, transition, still as a consequence of multichannel effects (Fig. 7).
In any case, more accurate calculations could be instrumental in sheding light on
the nature of the transitions on issue, particularly to exclude the possibility of un-
physical RPA artifacts.

As a final comment we recall that in some papers of three of the present authors
{7, 63, 64] attempts have been made to assess the role of the electron correlation in
the prediction of inelastic scattering cross sections of fast electrons in the case of H,
molecule. Some evidence was found for a fairly small role of the electron correla-
tion in influencing inelastic-scattering form factors associated with optically al-
lowed transitions. The results of the present paper push in favour of an extension of
such behaviour to other molecular systems. Things cannot be, however, so simple
in general, considering that X-ray and electron-scattering experiments are admit-
tedly very sensitive probes of the valence-shell electron-correlation effects in the
ground electronic states of atoms and molecules. The existence of such connection
is at the basis of the relation between electron pair correlation function and
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experimentally determined GOS’, which therefore, taken as a whole, are to be
regarded as generally correlation-sensitive properties [65, 66]. Electron correlation
effects are in particular expected to play a prominent role in determining such
subtle details as the exact location of (shallow) minima in the case of GOS’
exhibiting undulations and whether the small GOS minima actually vanish there
[12]. Despite these latter observations, RPA is confirmed by the present study as
a rather economical and reasonably reliable procedure for exploring in a unique
step a sizable portion of the Bethe surface of small polyatomic molecules. The
approach appears superior to alternative single-channel treatments in principle
adoptable, considering that interchannel couplings leading to collective effects are
generally not negligible. One of the main motivations for using RPA today lies
probably in its extendibility to fairly large molecular systems, where the application
of sophisticated and accurate computational methods is not shortly forseeable.
From this standpoint, program packages involving many-centre STO basis sets
have been traditionally regarded as a drawback in view of their applicability to
significantly large-size molecules, even though such a sentence is becoming not
generally shared in a perspective of future trends [67, 68]. Without entering into
this hardly explorable domain of possibilities, there is still much room, in our
opinion, for significant investigations of the behaviour of small- and medium-size
molecular systems in terms of STO’s.

Appendix 1

Effects associated with the vibrational and rotational motions of the molecule do
not enter into Eq. (1), even if a not ignorable role of nuclear dynamics on the
scattering cross sections is expected on general grounds. Although in the present
paper we shall not be concerned with the obtainement of the latter observables,
some remarks on the matter are in order.

The description of a given molecular electronic transition, in particular one
caused by electronic impact, should be regarded as maximally detailed when full
information is provided on the ensemble of the individual transitions between all
the significantly coupled ro-vibrational states pertaining one to the final and one to
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the initial electronic level, respectively. Assuming to a good approximation separ-
ability among electronic, vibrational and rotational degrees of freedom, for a colli-
sion between an electron and a general polyatomic molecule such information is
collected in the matrix elements ¢(n,{v'},J', K, M' <0, {v"},J", K", M"; q) =

'YK M |e40(q; {R})|{v"} J"K"M") which generalize the inelastic scattering
form factor ¢,, appearing in Eq. (1). Clearly {v'}, J', K', M'({v"}, J", K", M") are
final (initial) vibrational and rotational quantum numbers. It is evident that the
calculation of detailed state-to-state form factors requires in principle the electronic
quantities ¢&,0(q;{R}) to be known at many nuclear configurations {R}, quite
beyond the simplified treatment of the present paper where the GOS’ are, accord-
ing to Eq. (1), vertical properties evaluated at the equilibrium geometry {R,} of the
electronic ground state | ¥, . While |e(n, {v'}, J', K', M' < 0,{v"},J", K", M"; q)|?
provides one with the most precise description of the electronic transition under
study, such a level of detail is in most cases excessive, because rotational levels are
usually unresolved in current experiments and can be treated as effectively degener-
ate. This situation is changing, however, because of the advent of new experimental
techniques (zero-kinetic-energy photoelectron spectroscopy, resonance enhanced
multiphoton ionization coupled with high-resolution photoelectron spectroscopy,
etc.) that allow rotational resolution of molecular photoelectron spectra [69-72]. If
we sum |e(n, {v'},J, K, M' < 0,{v"} J", K", M";q)|* over all final rotational
quantum numbers (J’', K’, M") and perform a statistical-mechanical average with
respect to the appreciably populated initial rotational states (quantum numbers
J”, K", M"), the resulting quantity is a squared form factor |e,o({v'} « {v"};q)?
for the transition from the vibrational level {v"} in the initial electronic level to the
vibrational level {v'} belonging to the final electronic level [2]. After neglecting the
slight dependence of the modulus g of the transferred impulse on the rotational
quantum numbers and exploiting the completeness property of the rotational
states one is led by comparison to conclude that |e,o({v'} « {v"};q)I? is just the
same result one would deduce according to the classical method of averaging
rotational motions [2, 6-9]. A further simpliﬁcation follows in the cases where we
may assume that the electronic form factor &,0(g; {R}) is a slowly varying function
of the nuclear geometry coordinates {R}. €.0(g; {R}) can then be replaced by its
value at a representative configuration, reasonably {R,} if {v”} is the ground
vibrational level. In such a case we are left with the result

1[4
leno({v'} — {0 = 0};9)* = o— JdQIEnO(q5 {RoDI* T T I<uilof = 052

the rotational average being neatly factorized out with respect to the vibrational
effects, taken into account by the traditional Franck-Condon factors | {vj|v} = 0) ]2

The rotationally averaged GOS’ defined in Eq. (2) and calculated by us in the
present paper should therefore be regarded in the light of these considerations. It is
also important to stress that most of the current applications are being based on
the acceptance of the approximations illustrated above,

An approximate procedure analogous to that just described can also be
developed by working with ro-vibrational states (ie. without any assumption
about the separability of vibrational and rotational motions) and invoking their
completeness property. The only requirements are that the incident electron energy
be high enough to guarantee the excitation of a practically complete set of these
states and that the energy resolution of the experiment is such to permit these states
to be included in the spectral line observed. If this is the case, one is led to consider
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as relevant quantity a cumulative inelastic differential cross section proportional to
{eno(q; {R}) Dst.av., Where { -+~ D 4y, denotes a statistical-mechanical average with
respect to populated ro-vibrational states pertaining to the initial electronic level of
the molecule. The additional assumption of separability between vibrational and
rotational motions allows also in this alternative treatment to reduce the rotational
average to a classical one with respect to Euler angles. One should note that at no
moment do Franck-Condon factors enter, only a vibrational average in the
electronic ground level being required. Franck—Condon factors may however be
required to discuss intensities of vibrational features if the vibrational structure of
the observed spectral line is resolved.

Appendix 2

The Random Phase Approximation (RPA) is most easily derived by the
equations-of-motions method [14,15], solving for the operator 0" (E) that
generates an excited state |E) of the Hamiltonian operator H from the ground
state | E, >

0" (B)|E;) = |E> (A2.1)
in such-a way to satisfy the Schrédinger equation
[H, 0" (E)]|E,) = 4E|E) (A22)

with 4E = E — E,, excitation energy.
In RPA the operator O~ (E) is restricted to the following simple form,

ORPA(E) = Z [Xma(E)Dmat - ma(E)Dmm]

Dr, = 454, (A.2.3)

where 4" and 4 are second-quantized creation and annihilation operators, the
subscripts m, « referring to HF particle and hole states, respectively, including the
spin functions.

The working RPA equations which stem from Eqgs. (A2.1)-(A2.3), according to
a procedure extensively discussed in the literature, are usually expressed in the

matrix form
( 4 B)(X) - AE<X>. (A24)
—-B —A4 Y Y

Any RPA eigenvector involves hole—particle X,,, and particle-hole Y,,, ampli-
tudes, collected globally in X and ¥, respectively.
The matrices 4 and B have elements [71]

Ama,nli = (moclﬁ - EHFlHF>’
Bi,np = <manB|H|HF, (A2.5)
|HF) being the HF approxxmatlon to the electronic ground state | E,> and Exp =

(HF|H|HF> |ma> = D, |HF) is a singly excited determinant and Imanf) =

DD} 3| HF ) a doubly excited one.
If the matrix B is neglected, only the sum over Dy , contributes to the excitation
operator in Eq. (A2.3), so that the excitation energxes AE are equivalent to those
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obtained by diagonalizing the Hamiltonian matrix in a Hilbert space spanned only
by singly excited configurations (Tamm-Dancoff approximation, TDA). The pres-
ence of doubly excited states through the matrix B assures that ground state
correlation effects are taken into account to some extent.

For the singlet coupling case in which we are interested, the matrix elements of
Eq. (A2.5) can be expressed in the form

Ama.nﬂ = (Em - Ba) 5aﬁ 6mn + 2Vamm,8 - Van[}ma Bma,nﬂ = 2Vuﬂmn - Vaﬁnm’
(A2.6)

the orbital subscripts from now on referring only to the spatial component. In the
above equations, &,(g,) denotes the closed-shell HF orbital energy of the particle
(hole) state, while the two electron repulsion integrals are defined as follows:

Viju = th drorid o¥(ry) ¢}"("2) i (r1) du(r2). (A2.7)

Some further remarks are in order at this point. First, the (pseudo) spectra
arising from both the RPA and TDA procedures fully carried out cannot be
rigorously associated with single discrete configurational excitations, because
a given mode receives contributions from all hole-particle and particle~hole
excitations (only hole—particle excitations contribute obviously to a TDA mode).
One can also speak rightfully of “multichannel” theories, due to the presence of
coupling among excitations starting from the various occupied orbitals ¢,(r).
Second, the fulfilment of sum rules is only a prerogative of the exact RPA
procedure [14, 17, 47, 74], that becomes usually broken (also badly) when intro-
ducing approximations to the full approach.

Despite the latter remark, it is both interesting and useful to consider the effect
of neglecting any coupling between “channels”. To investigate such a point, let us
write down the RPA equations for the eigenvector components {X,,, Y,,,} which
follow from Eq. (A2.4) after neglecting all the coupling terms with components
B # a. Taking into account the results of Eq. (A2.6) we obtain

[8,,, - (8‘, + AE)] Xmaz + Z (2anma - Vanam) Xna + Z (2Vaamn - Vaanm) sz = Os

[gm - (8a - AE)] Ymu + Z (2Vanma - Vanam) sz + Z (2Vaamn — Vaanm) Xna =0.
(A2.8)
If we introduce spatial amplitudes { X,(r), Y,(r)} related to the RPA eigenvector by

Xat(r) = Z (bm(r)Xma! Yu(r) = Z ¢m(r) You (A29)

and assume that the HF particle states {¢,,} constitute a complete set of real
orbitals, after some manipulations we are led to the following coupled equation set
for the separated channel RPA (SCRPA) amplitudes X,(r), Y,(r) [75]

[F ~ (e« + 4E)]1X, + [2K, - .1 X, + K.Y, =0,
[F— (e, — 4E)] Y, + 2R, — J] Y, + R, X, = 0. (A2.10)
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Here F is the standard (closed-shell) one-electron Fock operator,

“ 1 - .
F= -2V 4V + Y01, - Ky (A2.11)
B

N

with V,,. the nuclear attractive potential and .7,,,12,, the usual Coulomb and
exchange operators.
It is immediate to put the above equations in the equivalent form

1 - N - ~ A~
[‘5 ‘72+Vnuc+ Z (2Jﬂ_Kﬂ)+Ja+Ka:|Xa+KuYa=(£u+AE)Xa,
B#a

[ oV Ve + Y (2T =Ry + T, + 12} Y.+ K, X,=(e,— 4E)Y,.
p#a
(A2.12)

The operator

N 1 - o FUN A
hvo = -3 V2 + Vm,c+ﬂ§ (2J;—Kp)+ J,+ K,=F —J, + 2K,,
(A2.13)

is recognized as the familiar one-electron improved virtual orbital (IVO) Hamil-
tonian, first put forward by Hunt and Goddard [23]. It should be regarded as
a modified HF Hamiltonian, with self-Coulomb and exchange removed, able to
lead to particle states which are variationally correct approximations to the
molecule excited state orbitals (for an unrelaxed core). Equivalently, the virtual
orbitals generated by Ao are physically meanmgful particle states for the neutral
molecule, because they stem from adopting, in lieu of the familiar HF potential
Vy= s (2J,, AK,,) (the same for all orbitals) present in the HF operator F,
Eq (A2.11), a V% _ potential operator representing the proper effect of the other
— 1 electrons [76-81].

Improved virtual orbitals can be obtained by diagonalizing the matrix
<m|hN0|n) = &,0mn + <m|2K, — J, ,|n> built in terms of the virtual canonical or-
bitals arising from the solution of the usual HF problem.

The spectrum generated by hfyq corresponds to an (infinite) series of Rydberg
states accumulating at zero energy [75], the ionization continuum beginning at
AE = — g,. The interchannel couplings introduced by RPA do not change the
ionization thresholds, that remain actually identical to Koopman’ theorem IP’s.

If the additional approximation of dropping in Eq. (A2.12) the term involving
Y, is legitimate, the resulting eigenvalue problem leads to the IVO (pseudo)
spectrum, which is seen to be identical to that arising from the “separated channel”
TDA approximation (SCTDA).

Approximate solutions to the RPA problem according to the previous consid-
erations provide a useful zeroth-order spectrum, because the comparison of the
latter with that from the full RPA procedure allows one to decide about the
possible dominance of excitations from a hole state to a given mode and the role of
collective effects related to interchannel couplings.
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